Abstract. Let G be a finitely generated infinite group and let p > 1. In this paper we make a connection between the first L p -cohomology space of G and p-harmonic functions on G. We also describe the elements in the first L pcohomology space of groups with polynomial growth, and we give an inclusion result for nonamenable groups.
Introduction
In this paper G will always be a finitely generated infinite group and S will always denote a symmetric generating set for G. Let M be a right G-module and let C n (G, M ) be the set of functions from G n = G × · · · × G(n copies) to M . We now have a chain complex
where for n ≥ 0 (δ n f )(g 1 , . . . , g n+1 ) = (f (g 2 , . . . , g n+1 )) · g 1 + n k=1 (−1) k f (g 1 , . . . , g k g k+1 , . . . , g n+1 ) + (−1) n+1 f (g 1 , . . . , g n ),
where g k g k+1 occupies the kth position of f . Each δ n is a linear map and a calculation shows δ n δ n−1 = 0. The nth group cohomology of G with coefficients in M is denoted by H n (G, M ) and is equal to ker δ n /im δ n−1 , where ker δ n denotes the kernel of δ n and im δ n−1 is the image of δ n−1 in C n (G, M ). If M is a Banach space then we can give C n (G, M ) the compact open topology. This means f k → f in C n (G, M ) if and only if f k (g 1 , . . . , g n ) → f (g 1 , . . . , g n ). Note that ker δ 1 is a Banach space. In general im δ n−1 is not closed in ker δ n . Let im δ n−1 denote the closure of im δ n−1 in ker δ n . The quotient space H n (G) = ker δ n /im δ n−1 is called the nth reduced cohomology space of M . Let F (G) denote the set of real-valued functions on G. Let f ∈ F(G) and let x ∈ G, the right translation of f by x is the function defined by f x (g) = f (gx −1 ). For a real number p ≥ 1, L p (G) will consist of those f ∈ F(G) for which g∈G |f (g)| p < ∞, and C 0 (G) will consist of those f ∈ F(G) for which the set {g | |f (g)| > ǫ} is finite for each ǫ > 0. The sets F (G), C 0 (G) and L p (G) are G-modules under right translations. In this paper we study H 1 (G, L p (G)), the first group cohomology of G with coefficients in L p (G). We also study H 1 (p) (G), the first reduced L p -cohomology space. This work was supported by a grant from the research office of Eastern Oregon University. The author would like to thank the university for their kind support.
Preliminaries
Let RG be the group ring of G over R. For h ∈ RG and f ∈ F (G) we define a multiplication from
Recall that S is a symmetric set of generators for G. We define a norm on
and let e be the identity element of G. We define a norm on
The cardinality of a set A will be denoted by |A|.
For the chain complex
We now show that the reverse inclusion is also true.
Lemma 2.1. Let G be a finitely generated, infinite group. The kernel of δ 1 :
Proof. Consider the chain complex
The map δ 0 is an injection so we obtain the following: (a) The first cohomology group of G with coefficients in
3. Nonreduced L p -cohomology and p-harmonic functions Let f ∈ F(G) and let g ∈ G. Suppose 1 < p ∈ R and define
In the case 1 < p < 2, we make the convention that |f (gs
is the linear space of harmonic functions on G with finite energy. In general, HD p (G) is not a linear space if p = 2. A wealth of information about p-harmonic functions on graphs and manifolds can be found in [6, 7] . Many of the ideas in this section come from the paper [16] . In this section we will give a decomposition of D p (G) that will allow us to make a connection between p-harmonic functions on G and H 1 (p) (G). We begin by giving some preliminary results for both D p (G) and HD p (G). Let f and h be elements in D p (G) and let 1 < p ∈ R. Define
The above sum exist since g∈G s∈S |h(gs
The next lemma will be used to help show the uniqueness of the decomposition of D p (G) that will be given in Theorem 3.5.
For g ∈ G, define δ g by δ g (x) = 0 if x = g and δ g (g) = 1.
Lemma 3.2. Let h ∈ F(G). Then h is a p-harmonic function if and only if
Proof. Let x ∈ G and suppose h ∈ HD p (G), then
Conversely, if △ p h, δ x = 0 for all x ∈ G, then s∈S |h(xs
Remark 3.3. It follows immediately from the lemma that if h ∈ HD p (G), then
as n → ∞. The last inequality follows from Hölder's inequality
We now give a decomposition of D p (G) that will allow us to determine representatives for the nonzero classes in H 1 (p) (G).
then we can write f = u + h, where u ∈ (R(G)) D p (G) and h ∈ HD p (G). This decomposition is unique up to a constant function.
. Now B is a nonempty weakly compact set in the reflexive Banach space D p (G). The function
is a weakly lower semi-continuous function on B, so F (v) assumes a minimum value on B. This minimum must be r. Let u ∈ (RG) D p (G) where f − u D p (G) = r and set h = f − u. We now proceed to show that h is p-harmonic on G. Let t ∈ R and let w ∈ RG. Now,
Using δ x for w in the above derivative calculation we obtain −2p s∈S |h(xs
We now show that this decomposition is unique up to a constant. Suppose
Thus h 1 − h 2 is a constant function, which implies that u 1 − u 2 is also a constant function.
We saw in section 2 that [10] . We were unable to fix the proof of that theorem using the techniques of [10] . The following corollary can be considered a partial fix of the theorem since many groups that have a central element of infinite order are also of polynomial growth.
Corollary 3.6. If G is a finitely generated group with polynomial growth, then H 
Nonamenable groups and L p -cohomology
In this section we will give some results concerning the first L p -cohomology space of nonamenable groups.
Let A be a subset of a group G and define ∂A := {x ∈ A | there exists s ∈ S with xs / ∈ A}. We shall say that a group G is amenable if it has an exhaustion
A group that is not amenable is said to be nonamenable. Our first result shows how amenability affects the way
Theorem 4.1. Let G be a finitely generated infinite group and let
It was shown in [4] that there exist a constant C p such that u p ≤ C p u D(p) for all u ∈ RG if and only if G is a finitely generated nonamenable group. Thus {f n } is also a Cauchy sequence in
Conversely, suppose there exists an exhaustion
The next result follows immediately from the theorem.
We will now use the theorem to show H 1 (p) (G) = 0 for groups with infinitely many ends. Corollary 4.3. Let 1 < p ∈ R. If G is a finitely generated group with infinitely many ends, then H 1 (p) (G) = 0. Proof. We will prove the corollary by constructing a nonconstant harmonic function, say h, on G that is an element of D p (G). It will then follow from the maximum principle for harmonic functions that h /
and v is a nonconstant p-harmonic function, thus h will represent a nonzero class in H 1 (p) (G). We now proceed to construct h by using a technique that was used in the proof of Theorem 4.1 of [11] .
Recall that S is a symmetric generating set for G. Define an element P in RG by
and define a bounded linear operator on L p (G) by P (f ) = f * P . Observe that f is a harmonic function on G if f * (P − I) = 0, where I is the identity operator on L p (G). Let k ∈ N and denote by P k multiplication of P with itself k times. Since G is nonamenable, P < 1 in the operator norm
Note F is the inverse of P − I in the space of bounded linear operators on L p (G). Let X denote the Cayley graph of G with respect to a the generating set S. Thus the vertices of X are the elements of G, and g 1 , g 2 ∈ G are joined by an edge if and only if g 1 = g 2 s ±1 for some generator s. Remove a finite number of vertices and edges of X to obtain two disjoint, infinite, connected components of X. Let X 1 and X 2 denote the components. Define a function h 1 on G by
The support of h 1 * (P − I) is contained in ∂X 1 ∂X 2 , so h 1 * (P − I) ∈ RG. Thus F (h 1 * (I − P )) ∈ L p (G). Set h 2 = F (h 1 * (I − P )) and let h = h 1 − h 2 . Note h ∈ D p (G) since h 1 ∈ D p (G) and h 2 ∈ L p (G). Now, h * (P − I) = h 1 * (P − I) − h 1 * (P − I) = 0, so h is a harmonic on G.
Alain Valette has pointed out a simpler, but different, proof of the above corollary. We now proceed to give a quick sketch of his proof. By combining Lemma 2 with the remark after Proposition 1 of [1] we have that the dimension of H 1 (G, RG) over R is the number of ends of G minus one. The corollary now follows from Theorem 4.1. Valette's proof also shows that the corollary is true for p = 1.
The situation becomes unclear if G is nonamenable with one end. For example, H 1 (SL n (Z), L 2 (SL n (Z))) = 0 for n ≥ 3 since SL n (Z) has property T when n ≥ 3 [5] . On the other hand, if G is a fundamental group of a closed Riemann surface of genus at least 2, then H 1 (G, L 2 (G)) = 0 [2] . A good deal of information about H 1 (G, L 2 (G)) can be found in [1] .
A Description of
In this section we will describe the nonzero elements of H 1 (G, L p (G)) for groups that have polynomial growth of (precise) degree n > p. These results are a generalization of results from Section 6 of [10] , where H 1 (G, L 2 (G)) was discussed.
